We investigate the large N reduced model of gauge theory on a curved spacetime through the plane wave matrix model. We formally derive the action of the N = 4 supersymmetric Yang-Mills theory on R × S 3 from the plane wave matrix model in the large N limit. Furthermore, we evaluate the effective action of the plane wave matrix model up to the two-loop level at finite temperature. We find that the effective action is consistent with the free energy of the N = 4 supersymmetric Yang-Mills theory on S 3 at high temperature limit where the planar contributions dominate. We conclude that the plane wave matrix model can be used as a large N reduced model to investigate nonperturbative aspects of the N = 4 supersymmetric Yang-Mills theory on R × S
Introduction
Matrix models are strong candidates for the non-perturbative formulation of the superstring theory. For example, the BFSS matrix model is the non-perturbative formulation of the M-theory which is the strongly coupled limit of the type-IIA superstring theory [1] and the IKKT matrix model was proposed as the non-perturbative formulation of the type-I IB superstring theory [2, 3] . Originally, these models were constructed on flat spacetime backgrounds. So, we have problems whether these models can describe curved spacetime, and include symmetries of the general relativity: the diffeomorphism and the local Lorentz invariance.
In 2002, fuzzy homogeneous spaces are constructed using the IKKT matrix model [4] . The homogeneous spaces are constructed as G/H where G is a Lie group and H is a closed subgroup of G. The effective actions of the gauge theory on homogeneous spaces have been investigated for a fuzzy S 2 [5] , a fuzzy S 2 ×S 2 [6, 7] , a fuzzy S 2 ×S 2 ×S 2 [8] and a fuzzy CP 2 [9] . When a background field is assigned to bosonic matrices in the IKKT matrix model, the stability of this matrix configuration can be examine by investigating the behavior of the effective action under the change of some parameters of the background. By these investigations, we have found that the IKKT matrix model favors the configurations of the four-dimensionality. The same conclusion has been obtained also by various approaches [10] [11] [12] [13] [14] [15] [16] .
Recently, there were interesting developments on the construction of curved spacetime by matrix models. Hanada, Kawai and Kimura introduced a new interpretation on the IKKT matrix model in which covariant derivatives on any d-dimensional spacetime can be described in terms of d bosonic matrices in the IKKT matrix model [17] . In this interpretation, the Einstein equation follows from the equation of the IKKT matrix model, and symmetries of the diffeomorphism and the local Lorentz transformation are included in the unitary symmetry of the IKKT matrix model.
On the other hand, the formal equivalences between supersymmetric Yang-Mills theories on curved spacetime and a matrix model is shown by Ishiki, Shimasaki, Takayama and Tsuchiya [20] , confirming the Lin-Maldacena's gauge/gravity correspondence [19] . They showed the following formal equivalences: the theory around each vacuum of the supersymmetric Yang-Mills on R×S 2 is equivalent to the theory around a certain vacuum of the plane wave matrix model; the theory around each vacuum of the supersymmetric Yang-Mills on R × S 3 is equivalent to the theory around a certain vacuum of the supersymmetric Yang-Mills on R × S 2 with the orbifolding condition imposed [18] . They thus made the connection between the theory around each vacuum of the supersymmetric Yang-Mills on R × S 3 and the theory around a certain vacuum of the plane wave matrix model with orbifolding condition imposed. In this identification, S 3 emerges out of a group of the concentric fuzzy spheres. Note that the equivalences shown in [20] are classical, since the equivalences are shown at tree level and the size of matrices are infinite with the orbifolding condition imposed. Recently, they extend the equivalence between the supersymmetric Yang-Mills on R × S 3 and the plane wave matrix model at quantum level [21] . The equivalence is shown upto the one-loop level and the size of matrices is finite without the orbifolding conditions. Moreover, they derive the deconfinment phase transition of the supersymmetric Yang-Mills on S 1 × S 3 at weak coupling region from the plane wave matrix model [22] . In order to elucidate these proposals to construct curved spacetime in matrix models, we investigated the effective action of the deformed IKKT matrix model with a Myers term. Since the classical solution satisfies the commutation relation of the angular momentum, it can be interpreted as the covariant derivatives on S 3 or concentric fuzzy spheres [23] . In the both cases, we found that the highly divergent contributions at the tree and one-loop level are sensitive to the UV cutoff. However the two-loop level contributions are universal since they are only logarithmically divergent. We expect that the higher loop contributions are insensitive to the UV cutoff since three-dimensional gauge theory is super renormalizable.
In the large N limit, there is a well-known equivalence between a gauge theory and a matrix model due to Eguchi and Kawai [24] . They proved that a large N gauge theory is equivalent to a matrix model which is dimensional reduced to zero dimension unless the U (1) d symmetry is broken, where d represents the dimension of the original gauge theory. However, the U (1) d symmetry is spontaneously broken in d > 2. So two improved versions of this large N reduced model which preserve the U(1)
d symmetry was proposed. One is the quenched reduced models [25] [26] [27] [28] and the other is the twisted reduced models [29] [30] [31] . However, in these models the connection is made between matrix models and gauge theories on flat spacetime. In this paper, we investigate the effective action of the plane wave matrix model on a group of concentric fuzzy spheres at finite temperature. We find that the effective action is consistent with the free energy of the N = 4 supersymmetric Yang-Mills on S 3 in the high temperature limit. It is because planar contributions dominates in the high temperature limit. We conclude that the plane wave matrix model can be used as a large N reduced model to investigate nonperturbative aspects of the N = 4 supersymmetric Yang-Mills theory on R × S 3 . The organization of this paper is as follows. In section 2, we formally derive the action of the N = 4 supersymmetric Yang-Mills on S 3 from the plane wave matrix model. In section 3, we calculate the effective action of the plane wave matrix model around a group of concentric fuzzy spheres at finite temperature. Section 4 is devoted to conclusions and discussions. Some detailed calculations are gathered in the appendix.
2 N = 4 supersymmetric Yang-Mills on R × S 3 as plane wave matrix model
In this section, we formally derive the action of the supersymmetric Yang-Mills theory on R × S 3 from the plane wave matrix model in the large N limit. The authors of [20] observed the following two equivalences between the vacua of different gauge theories and the plane wave matrix model ‡ :
(i) The supersymmetric Yang-Mills theory on R × S 2 is equivalent to the theory around a certain vacuum of the plane wave matrix model.
(ii) The supersymmetric Yang-Mills theory on R × S 3 is equivalent to the theory around ‡ The recent developments are explained in the introduction.
a certain vacuum of the supersymmetric Yang-Mills theory on R × S 2 with a generalized compactification procedure in the S 1 direction.
From the above equivalences of (i) and (ii), they concluded that S 3 is realized by three matrices. The three matrices is as follows:
where
The representation matrix L i , where i = 1, 2, 3, is a reducible representation of SU(2), and obeys the following commutation relation:
i , where s = −∞, · · · , ∞, is the (2j s + 1) × (2j s + 1) representation matrix for the spin j s irreducible representation of SU (2), and obeys the following commutation relation:
The matrices (2.2) can be interpreted as n sets of ∞ fuzzy spheres with the radius µ j s (j s + 1), where all the fuzzy spheres are concentric. In order to make the connection between the supersymmetric Yang-Mills theory on R × S 3 and the plane wave matrix model, it is necessary to impose the following conditions:
Let us start with the plane wave matrix model which is defined by the following action:
where X and λ are vector and Majorana-Weyle spinor fields, and both fields are N × N Hermitian matrices. The vector indices i, j, k and m, n run over as follows: i, j, k = 1, 2, 3 and m, n = 4, · · · , 9. The covariant derivative is given by
The radius of S 3 is fixed to 2/µ. Let us consider such a large N limit as follows:
where ∇ i and B i are derivatives and space components of gauge fields on S 3 that are defined by Killing vectors (See ref. [23] for a review on this subject):
where a = θ, φ, ψ. The non-vanishing components of Killing vectors are given by
For example, we consider the following term in the action of the plane wave matrix model:
By taking the large N limit, the term (2.11) can be rewritten as follows:
From the commutation relation for the derivatives on S 3 :
we can obtain the following relation:
Then, we can get the following equation by using (2.13) and (2.14):
Note that we also rescaled the derivatives on S 3 as follows:
It is because we have the following correspondence in the large N limit:
where tr denotes the trace operation over SU(n) gauge group. Similarly, taking the large N limit of the other terms in the action of the plane wave matrix model, we can obtain the action of supersymmetric Yang-Mills theory on R × S 3 as follows:
where µ = 0, 1, 2, 3, and R is the scalar curvature of S 3 .
Effective action for plane wave matrix model
In the preceding section, we have summarized formal arguments for the equivalence between the gauge theory on R × S 3 and a certain vacuum configuration of the plane wave matrix model. However they are formal in the sense that they need to consider the large N limit. Therefore their validity is not automatic especially at the nonperturbative level, since we need to work with finite N. In this section we work with finite N, namely finite size matrices. To be precise, we introduce the two cutoffs in the theory with respect to the size and number of the concentric fuzzy spheres. We also put n = 1. In such a set up, we investigate the effective action perturbatively to check to what extent formal arguments can be justified.
One-loop effective action at zero temperature
In this subsection, we evaluate the one-loop effective action of the plane wave matrix model around S 3 background at zero temperature.
As in the ordinary background field method in quantum field theories, we decompose matrices X and λ into the backgrounds and quantum fluctuations, respectively as follows:
where p i , p m and χ are backgrounds, and x i , x m and ϕ are quantum fluctuations. Then, we substitute the decomposed matrices (3.1) into the action of the plane wave matrix model, and expand around backgrounds up to the forth order with respect to quantum fluctuations. The expanded action is expressed as follows:
Since we need to fix the gauge invariance in the action, we add the gauge fixing and the Faddeev-Popov terms:
where c and b are ghost and anti-ghost fields, respectively. We substitute the matrices Y i which are the classical solution of the plane wave matrix model for backgrounds as follows:
Here, we introduce a cutoff on s at 2Λ and on the matrix size of L
[js] i at 2j s + 1 = N 0 + s, and the matrix size N of L i is finite as follows:
Then, we can obtain the following action: 13) where the suffix (s, t) represents the (s, t) block in the N × N matrix. We introduce the following operation:
which act on a (2j s + 1) × (2j t + 1) matrix M. Note that the above action is obtained after the Wick rotation for the time components as follows:
The classical action: S
PW vanishes for the backgrounds we consider here, and the first order action with respect to the quantum fluctuations: S (1) PW also vanishes, because the backgrounds satisfy the equations of motion for the plane wave matrix model. We need the quadratic action with respect to the quantum fluctuations S (2) PW to calculate an one-loop effective action of the plane wave matrix model. To simplify the following calculations, we introduce the notations as follows:
Then, the action is given bỹ
where 18) and the index µ runs from 0 to 3. By using the above actionS
1−loop PW
, we can calculate the one-loop effective action of the plane wave matrix model on S 3 as follows:
First, we evaluate the bosonic parts of the effective action as follows:
We expand the bosonic parts (3.20) of the effective action into the inverse power series of P 2 B = (ω 2 l + µ 2 J (J + 1)). In this way, we obtain the leading term of the bosonic parts of the one-loop effective action as follows:
where P 2 Bi = µ 2 J (J + 1). Then, we evaluate the fermionic parts of the effective action as follows:
Similarly, we expand the fermionic parts (3.22) of the effective action into the power series of
). So, we obtain the leading term of the fermionic parts of the one-loop effective action as follows:
. Therefore, we find that the one-loop effective action of the plane wave matrix model on S 3 vanishes to the next leading order in this expansion:
In fact, it vanishes exactly due to supersymmetry [32] .
Free energy of N = 4 supersymmetric Yang-Mills on S 3
In this subsection, we calculate the effective action of the plane wave matrix model on S 3 at finite temperature up to two-loop level. In order to study the plane wave matrix model on S 3 at finite temperature, we compactify the Eucliedean time direction with a periodicity β = 1/T , where T is a temperature. Thus, we impose the constraint of periodicity for the bosonic, ghost and anti-ghost fields as follows:
So, we can obtain the conditions for frequencies in (3.20) as follows:
where l is the integer. On the other hand, we impose the constraint of anti-periodicity for the fermion fields as follows: 27) and hence ω h = 2πhT, (3.28) where h is the half-integers. Therefore, we can obtain the one-loop effective action of the plane wave matrix model on S 3 at finite temperature as follows:
However, since the supersymmetry is broken at finite temperature, the contributions from the bosons and fermions do not cancel each other. For example, we consider the leading terms of the one-loop effective action as follows:
It is easy to calculate the sums over l and h by using the following formulae:
where z is the complex number. We may discard the infinite constants which do not depend on physical parameters. Thus, we can obtain the leading terms of the one-loop effective action as follows:
In the analogy with the large N reduced model on a flat background, we find that (s − t). We have introduced a cutoff such that s < 2Λ, so that the maximal value of J andM are N 0 and Λ, respectively. Then we separate the summation over J into two parts at the value Λ as follows: The second term in the above expression can be safely neglected since we assume that:
If we further divide this effective action by the overall factor s , it agrees with that of the supersymmetric Yang-Mills theory on S 3 . In this sense, the plane-wave matrix model is a large N reduced model of the supersymmetric Yang-Mills theory on S 3 . In this way we can obtain that 
where we set k = 2J. Here we take the high temperature limit such that the temperature is much larger than the inverse radius of S 3 :
Thus, this limit represent a flat space limit. The summation over k can be well approximated by the integrals over:
We can obtain the following equation:
This integral is evaluated as:
Similarly, we evaluate the sub-leading terms of the one-loop effective action:
By taking the high temperature limit such that the temperature is much larger than the inverse radius of S 3 , it can be evaluated as follows:
In order to examine to what extent a plane wave matrix model can explore the planar sector of super Yang-Mills theory on S 3 , we further calculate the two-loop effective action of the plane wave matrix model at finite temperature. We describe the detailed calculations of the two-loop effective action in the appendix. The main conclusion is that the equivalence is valid in the high temperature limit as the contributions from the non-planar diagrams can be neglected in comparison to those from the planar diagrams in such a limit. The two-loop effective action is given bŷ
Here, recalling the following relation between the coupling constants in section 2:
(3.45)
we obtain the following equation:Ŵ
We summarize the effective action of the plane wave matrix model at a finite temperature up to the two-loop level:
where we have divided the effective action by the volume of S 3 :
This effective action is equal to β times the free energy density of the N = 4 supersymmetric Yang-Mills theory on S 3 [33] [34] [35] [36] [37] .
Conclusions and discussions
In this paper, we have investigated the properties of the N = 4 supersymmetric YangMills theory on S 3 at finite temperature by using the plane wave matrix model. We have formally derived the action of the N = 4 supersymmetric Yang-Mills theory on R × S 3 from the action of the plane wave matrix model by taking the large N limit. Forthermore, we have calculated the effective action of the plane wave matrix model around S 3 configuration at the two-loop level. We have found that the effective action of the plane wave matrix model agrees with the free energy of the N = 4 supersymmetric Yang-Mills theory on S 3 at two-loop level in the high temperature limit. Therefore, we can conclude that the nonperturbative properties of N = 4 supersymmetric Yang-Mills theory on S 3 at finite temperature can be explored by the plane wave matrix model. Our results serve as a nontrivial check that the plane wave matrix model can be regarded as a large N reduced model of the N = 4 supersymmetric Yang-Mills theory on R × S 3 . However the nonplanar contributions at the two loop level differ from those on S 3 . They are rather of S 2 type since the propagators carry vanishingM in these contributions. They can be neglected only in the high temperature limit. In this sense a construction of a large N reduced model on a curved manifold (S 3 in this case) is successful only in a flat manifold limit.
It is interesting to investigate nonperturbative properties of the N = 4 supersymmetric Yang-Mills theory on S 1 × S 3 in connection to AdS/CFT correspondence. This correspondence states that the large N N = 4 supersymmetric Yang-Mills theory on R × S 3 at strong coupling region is solved in terms of the type IIB supergravity on AdS 5 × S 5 . We have shown that the N = 4 supersymmetric Yang-Mills theory on S 1 × S 3 at weak coupling region is consistent with the plane wave matrix model at quantum level. We hope to evaluate the behavior of the N = 4 supersymmetric Yang-Mills theory on S 1 × S 3 at strong coupling region by using the plane wave matrix model.
A Two-loop effective action of plane wave matrix model
In this appendix, we calculate the two-loop effective action of the plane wave matrix model on S 3 at finite temperature. The effective actionŴ is evaluated as follows:
We define · · · 1PI as a summation over only 1PI (1-Particle-Irreducible) diagrams. To simplify the following calculations, we combine the actionS 2−loop PW as follows:
where the index I = 0, · · · , 9, and we set that
Now, there are five 1PI diagrams to evaluate which are illustrated in Fig. 1 . 
A.1 Propagators

A.1.1 Bosonic propagators
First of all, we derive the bosonic propagators of the plane wave matrix model. From the quadratic terms for the gauge fields x (s,t) i in the action (3.13), we can read out the propagators of gauge boson modes x (s,t) iJM as follows:
Note that the quantum fluctuations are expanded by a plane wave and a fuzzy spherical harmonics as follows:
Then, we can obtain the propagator of gauge boson modes as follows:
We expand this propagator into the power series of (ω 2 l + µ 2 J (J + 1)) = P 2 B as follows:
Therefore, the propagator of gauge boson fields are given by
where we note that ω −l = −2πlT = −ω l . In the same way, we can read off the other propagators of bosonic fields as follows:
where we expand the other bosonic fields by the plane-wave and the fuzzy spherical harmonics as follows:
Moreover, we can get the following bosonic propagator from the above propagators:
A.1.2 Fermion propagator
Next we derive the fermion propagator to read out the quadratic term of ϕ in the action (3.13) as follows:
where we expanded the quantum fluctuations by a plane-wave and a fuzzy spherical harmonics as follows:
Thus, we obtain the propagator of fermion modes as follows:
Here, we expand this propagator into power series of (ω
The third term of (A.20) is that
where we used the multiplication law of the gamma matrices as follows:
Moreover, the last term of (A.20) is that
where we also used the multiplication law of the gamma matrices as follows:
Thus, we can obtain the following equation:
Therefore, we obtain the fermion propagator of the plane wave matrix model as follows:
A.2 Feynman diagrams A.2.1 Feynman diagram involving four-point gauge boson vertex (a)
We evaluate the 1PI diagram involving a four-point gauge boson vertex. The four-point gauge boson vertex is given by .27) It gives rise to the following contribution:
A.2.2 Feynman diagram involving three-point gauge boson vertex (b)
We evaluate the 1PI diagram involving three-point gauge boson vertices. The three-point gauge boson vertex is expressed as follows:
We can express the contribution corresponding to the diagram (b) as follows:
For example, we calculate the first term of (A.37) by applying Wick's theorem.
Tr Tr
(A.38)
Here, we evaluate the particular contraction which is the first term of the above equation as follows:
(js,jt)
(−1)
(ju,js)
where we used the following relation:
We can obtain the following compact equation to calculate the other contractions:
Moreover, we use the following relation:
and the momentum conserved relation:
Therefore, we can simplify as follows:
(A.44)
A.2.3 Feynman diagram involving the ghost interactions (d)
We evaluate the 1PI diagram involving the ghost interactions. The ghost vertex is expressed as follows:
We can express the contribution corresponding to the diagram (d) as follows: 
where we also used the relation (A.40). We obtain the following equation to evaluate the other contractions: 
